
Linear mixed models, REML and 
gene mapping

Peter Visscher
Queensland Institute of Medical Research

peter.visscher@qimr.edu.au

����������	
��������	

�

�������	��������







[Galton, 1889]

Genetics of complex traits



The height vs. 
pea debate

(early 1900s)

Do quantitative traits have the same 
hereditary and evolutionary properties 
as discrete characters?
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Polygenic Traits
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Multiple-factor hypothesis
• (Many) independently segregating loci

– Continuous (Gaussian) distribution of genotypes

• Environmental variation
– ‘Regression towards mediocrity’ [Galton]

• trait in progeny is not the average of trait in parents 
• R = h2 S

• Linear models & multivariate normality
– Livestock breeders [Henderson, Thompson ]



Linear mixed models and complex pedigrees

y = Xb + Zu + e

var(u) = Asa
2

•Methods
•Variance component estimation
•BLUP

•Models
•Multiple traits
•Maternal effects

Computation
•A-1

•Efficient algorithms



Relationship and kinship

f ij = coefficient of kinship for individuals i 
and j

= probability random allele from i is 
IBD with random allele from j

aij = coefficient of relationship [0, 2]
= 2f ij

A = 2FFFF



Average genetic relationship 
matrix (A)

• Calculated from pedigree information only

• Elements are the expected proportion of alleles 
IBD in the genome between two individuals

Relationship A ij

Self 1
Parent-child 0.5
Full sibs 0.5
First cousins 0.125

Fast algorithms to calculate
A and its inverse A-1 in large
pedigrees [Henderson, Quaas, 
Thompson]





Dissection of quantitative trait variation: 
understanding the black box

• Mapping quantitative trait loci (QTL)
– Simple pedigrees (line crosses)

– General pedigrees
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Model for line crosses

• Model for additive di-allelic QTL:

• Problems:
– number of loci (n) and their effects (a) unknown
– genotype of individual (xjk) unknown

�
=

+a+m=
n

1k
jkjkj exy

indicator variable



Estimation

• Infer xjk from marker data

• QTL genotype k given Marker genotype j
• Prob. depends on linkage map and 

experimental design

• Estimate ak from observations (y) and 
xjk

• Estimate n from model selection 
methods

)MPr(/)MQPr()M|QPr( jjkjk =



A simple & robust analysis for 
line crosses

• Two-step procedure:

1) Determine Pr(Q|M) from marker data only

2) Regress traits on the estimated proportion 
of QTL alleles from, say, line 1

[Haley & Knott 1992; Martinez & Curnow 1992]



Regression mapping

E(yj)= m+ a E(xj|Mj)
– QTL = fixed effect

Example F2 population, QTL = marker
Genotype E(xj|Mj)
qq -1
Qq 0
QQ 1



Advantages regression mapping

• Simple

• Computationally fast (Whittaker, Thompson , Visscher 1996)

– permutation tests
– bootstrap to determine confidence intervals (Visscher, 

Thompson , Haley 1996)

• Captures most information
• Robust

– distribution of errors
– skewness



Complex pedigrees

• P(QTL|Markers) difficult to determine
– non-informative and/or missing marker data
– unknown marker linkage phase

• AaBb: AB/ab or Ab/aB

– Inbreeding loops

• Genetic model for QTL?
– number alleles in the population not known
– distribution of effects not known



Deep pedigrees

Sheep selection experiment



[Blackwood et al. 1996]Bipolar pedigree



A Solution for Complex Pedigrees:

• REML estimation of 
variance associated 
with:
– Whole genome 

relationship (pedigree)
– Specific location (QTL) 

relationship (markers)
– Residual effects



Mixed linear model

Additive QTL + polygenic model, at location i

y = Xb + Zu + Zq + e            
trait  =  fixed  +  polygenic  +  QTL +  residual

with

)2
u,0N(~u sA )2

qQ,0N(~q is )2
e,0N(~e sR

V = ZAZ’ su
2 + ZQiZ’ sq

2 + Rse
2

QTL is random effect



A - numerator relationship matrix

X, Z, R - user defined matrices

Qi - ‘Realised A-matrix’ at location i

- difficult to calculate

Qi(j,k) = proportion of alleles IBD at the QTL for 

individuals j and k.
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IDENTITY BY DESCENT
Sib 1

Sib 2

4/16 = 1/4 sibs share BOTH parental alleles  IBD  =   2

8/16 = 1/2 sibs share ONE parental allele  IBD  =  1

4/16 = 1/4 sibs share NO parental alleles  IBD  =  0
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Estimation of IBD matrix

• Exact: Hidden Markov Chain (Merlin )

• Single marker IBD estimation followed by 
multi-point estimation (Solar )

• Markov-Chain Monte Carlo (Loki, 
Simwalk )



‘Clones and unrelated fullsibs’

IBD matrix for single marker; Father = 1/2 
and Mother = 3/4:

Genotype of fullsibs
1/3, 1/3 1/3, 2/4

1 0 ½ ½ 1 0 ½ ½
0 1 ½ ½ 0 1 ½ ½
½ ½ 1 1 ½ ½ 1 0
½ ½ 1 1 ½ ½ 0 1

�  Matrix Qi is not positive-definite (but V is!)



Models

• polygenic (h2)
– fitting matrix A
– estimate variance due to many genes throughout 

genome

• QTL (q2)
– fitting matrix Qi

– estimate variance due QTL at location i

• polygenic and QTL



Likelihood ratio tests

• LOD score for h2 = 0

• LOD score for q2 = 0, fitting h2

[ LRT= 2ln(10)LOD = 4.6 LOD]
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Two-point linkage analysis
Variance component analysis

Blackwood et al. (1996) data

[Visscher et al. 1999]



Example: QTL analysis for 
BMI using a complex pedigree 

[Deng et al. 2002]



Microarray Expression Analysis
• Comparison two similar samples
• Identification of expression differences across many 

genes that may explain any differences



[Nature 2004]
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[Nature 2005]
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Affymetrix gene expression arrays on LCLs from 20 
monozygotic twin pairs
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Analyses using ASREML



Some genes on the X escape X-inactivation
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