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Synopsis of talk

n Overview of Robin's contributions to statistical science for
plant improvement

n Theme for this talk: examples which facilitate complex
variance modelling in large plant improvement data-sets:
u The Average Information Algorithm
u Extended variance modelling of variety by environment

interaction
u Prediction and the general linear mixed model



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #2

Synopsis of talk

n Overview of Robin's contributions to statistical science for
plant improvement

n Theme for this talk: examples which facilitate complex
variance modelling in large plant improvement data-sets:
u The Average Information Algorithm
u Extended variance modelling of variety by environment

interaction
u Prediction and the general linear mixed model



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #2

Synopsis of talk

n Overview of Robin's contributions to statistical science for
plant improvement

n Theme for this talk: examples which facilitate complex
variance modelling in large plant improvement data-sets:
u The Average Information Algorithm
u Extended variance modelling of variety by environment

interaction
u Prediction and the general linear mixed model



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #2

Synopsis of talk

n Overview of Robin's contributions to statistical science for
plant improvement

n Theme for this talk: examples which facilitate complex
variance modelling in large plant improvement data-sets:
u The Average Information Algorithm
u Extended variance modelling of variety by environment

interaction
u Prediction and the general linear mixed model



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #2

Synopsis of talk

n Overview of Robin's contributions to statistical science for
plant improvement

n Theme for this talk: examples which facilitate complex
variance modelling in large plant improvement data-sets:
u The Average Information Algorithm
u Extended variance modelling of variety by environment

interaction
u Prediction and the general linear mixed model



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #3

Thanks:

n Program committee for the the invitation
n Arthur Gilmour and David Butler for software development,
n Many colleagues
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AI Algorithm - circa 1993-1995

n Began from a visit to Oz in 1993 on a GRDC funded project
to estimate sources of variation in a large variety by
environment dataset

n Data were means from 1071 trials over 10 years with 106
varieties

n Highly unbalanced, cross classi�ed model with roughly 8
variance components including V, V.Y, V.L, V.Y.L, V.E,

n Known residual from analysis of individual trials necessitates
the use of weights

n GENSTAT 4 REML could not cope with the size of the problem
nor weights

n Use of FS seen as a major impediment, thence . . .
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AI-REML to ASREML

n AI algorithm spawned the development of AI-REML,
n AI-REML computer program allowed for ef�cient REML

estimation for variance components models but
n needed an ef�cient framework to also handle general

multivariate, longitudinal, spatial data,
n extend linear mixed model by consideration of a more

general variance modelling paradigm
n Led to the concept of G and R-structures - the building

blocks for ASReml
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Details of AI algorithm

Let y (n � 1) be vector of observations. The general linear mixed
model can be written as

y = X� + Zu + e

n � (p� 1) vector of �xed effects with design matrix X (assumed
full rank)

n u (b� 1) vector of random effects with design matrix Z
n e(n � 1) vector of residuals.
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Details of AI algorithm
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n G = G(
 )
n R = � 2� ; � = � (� )
n var (y ) = � 2

H
H where H = ZGZ 0+ R

n � 2
H

and � 2 are included to change parameterisations from
variance components to ratios.
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R-structures

n Assume an indexing factor which delineates the sections of
the data and partition e conformably with this indexing.

n Thus e = [ e0
1; e0

2; : : : ; e0
s]0.

n The variance matrix for each section may differ, but generally
we assume that the errors from different sections are
independent. Thus

R = � s
j =1 R j

n Each section may have data ordered layers � columns �
rows, viz

R j = R jl 
 R jc 
 R jr
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G-structures

n Assume u = [ u 0
1 u 0

2 : : : u 0
q]0

n Correspondingly Z = [ Z 1 Z 2 : : : Z q]
n u i relate to separate terms and mostly assumed mutually

independent
n Leads to

G = � q
i =1 G i

n G-structures - eg.,years.locations.genotypes

G i = G iy 
 G il 
 G ig
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Estimation - REML

Estimation in a Linear Mixed Model encompasses
n estimation of � =

�
� 2

H
; � 0

� 0
where � =

�

 0; � 2; � 0� 0

n estimation (or prediction) of � and u for given values of the
variance parameters

n the two processes are closely linked and are combined in the
computing algorithm
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REML estimation: Iterative schemes

n Method of choice for estimating variance components in
LMMs (Harville, 2004)

n Stein (1999) suggests REML is the natural approach for
estimation in (Gaussian) spatial data

n Verbyla et al. (1999) suggest its use for smoothing splines
n 115,000 hits on Google
n Patterson and Thompson used a F-S algorithm
n Average information (AI) algorithm of Gilmour et al. (1995): a

variant of F-S uses approximate average of observed and
expected information matrices.

n One week of hard labour in a dungeon in far away Roslin -
bread and water with no-one but Arthur for company
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n Verbyla et al. (1999) suggest its use for smoothing splines
n 115,000 hits on Google
n Patterson and Thompson used a F-S algorithm
n Average information (AI) algorithm of Gilmour et al. (1995): a

variant of F-S uses approximate average of observed and
expected information matrices.

n One week of hard labour in a dungeon in far away Roslin -
bread and water with no-one but Arthur for company
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AI matrix

n I A is a scaled residual sums of squares matrix

I A = 1
2 Q0(P =� 2

H
)Q

n columns of Q known as working variables given by

q� 2
H

= HP y =� 2
H

q� i
= _H i P y

n For linear variance models (eg. variance components), I A is
exact average (element-wise) of I o and I e
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Computation of AI matrix

n Natural setting within the solution to Mixed Model Equations
(MMEs)

n Extend MMEs to include Q as follows
2

6
4

Q0R � 1Q Q 0R � 1X Q 0R � 1Z
X 0R � 1Q X 0R � 1X X 0R � 1Z
Z 0R � 1Q Z 0R � 1X Z 0R � 1Z + G � 1

3

7
5

n Absorption of C onto Q0R � 1Q.
n Operations are performed using sparse matrix methods
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Hard at work on AI
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METs for crop cultivar evaluation

n Aim of METs is accurate prediction of variety performance.
This allows
u breeders/evaluators to select test lines to continue in the

testing program and
u farmers to select commercial varieties suitable for their

environment.
n Varieties are assessed for many traits: focus here is grain

yield
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Multiplicative mixed models for MET data

Let y n � 1 be the vector of individual replicate yields from all
trials. Assume m varieties and p environments (not necessarily
complete). Then write (ignoring additional random effects for
ease)

y = X� + Zu + �

n u mp � 1 is vector of V� E effects ordered as varieties within
environments and

n � is vector of plot errors.
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Motivation for our V � E model

n Assume random variety effects for minimum MSE (“for the
common good”,RT Pers Comm, many times!!!)

n Leads to var (u ) = G c 
 I m where G c is an unstructured
(US) variance matrix with p(p + 1) =2 parameters.

n US matrices can be dif�cult to �t and/or parameters poorly
estimated so use FA which provides parsimonious
approximation that �ts well.

n Bonus is that FA model may enhance interpretation of V� E,
particularly through use of graphical displays such as
bi-plots.
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FA model for V � E

For k components, Smith et al.:

u = ( � 
 I m )f + �

var (u ) = ( �� 0+ 	 ) 
 I m

n � p� k is matrix of (environment) loadings,

n f mk � 1 is vector of variety scores.
n 	 p� p is a diagonal matrix of speci�c variances.
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Dense FA formulation

n Smith et al. formulation uses

G c = ( ��
0

+ 	 ) 
 I m

n Can't handle Heywood case ( i = 0 , for more than one i ), as
G c is not full rank

n G � 1
c is dense and hence very slow for large p

n Thompson et al. (2003) present XFA algorithm for �tting FA
models with singular G c and sparse formulation.
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XFA Formulation: 1999-2003

Consider partition of u = ( u 0
1; u 0

2)0 which leads to
"

u 1

u 2

#

=

"
� 1 
 I m

� 2 
 I m

#

f +

"
� 1

� 2

#

n elements of � 1 are all non-zero whereas the elements of � 2

are all zero.
n � (p1 � k )

1 and � (p2 � k )
2 are partitioned conformably with u and

p1 + p2 = p.
n Model is characterised by p1 and p2, eg

u p1 = p standard FA
u p2 = p, full Reduced Rank (RR) model
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XFA form

n XFA uses a model based on f and u 1.

y = X� + Z cu c + e

where u c = ( f 0; u 0
1)0 and Z c = [ Z f 2 Z 1] and

Z f 2 = Z 2(� 2 
 I m ).
n Special cases

u FA
Z c =

h
0 Z

i
; u c = ( f 0; u 0)0

u RR
Z c = Z f ; u c = f
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Ef�ciency of XFA

n Sparse G � 1
c , viz

G � 1
c =

"
I � 1 + �

0

1	 � 1
1 � 1 � �

0

1	 � 1
1

� 	 � 1
1 � 1 	 � 1

1

#

n Elegant formation of MMEs from K 0M 0R � 1MK where
u M =

h
y X 0 Z 1 Z 2

i

u

K =

2

6
6
6
6
6
4

1 0 0 0 0
0 I t 0 0 0
0 0 I mk 0 0
0 0 0 I mp 1 0
0 0 � 2 
 I m 0 I mp 2

3

7
7
7
7
7
5

note that for full FA K = I .
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0 0 0 I mp 1 0
0 0 � 2 
 I m 0 I mp 2

3

7
7
7
7
7
5

note that for full FA K = I .
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XFA transcripts
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XFA transcripts
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Ef�ciency of XFA

Elapsed Time (secs)
Data-set Model XFA Smith et al. No. of params

Lupins, p = 17 FA(1) 1.2 5.1
Lupins, p = 17 FA(2) 2.2 5.5
Lupins, p = 17 FA(3) 2.6 5.9
Barley, p = 62 FA(1) 30 786 332
Barley, p = 62 FA(2) 50 833 393
Barley, p = 62 FA(3) 101 940 453
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Prediction in LMMs: 2001-03

n Lane and Nelder (1982) considered prediction in linear
models implemented into GENSTAT

n Computational problems addressed by Lane (1998)
n Their approach cannot be simply applied to LMMs
n Eg. decisions re role of random effects (marginal or

conditional), smooothing splines, kriging
n Key references: Gilmour et al. (2003) computing algorithm,

Welham et al. (2004) for examples and strategies
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Prediction Model

Aim is to form the E-BLUP of

� = D�

where D d� (p+ b) is a known matrix and � = ( � 0; u 0)0.
Have approximately

D ( ~� � � ) � N (0; � 2
H

DC � 1D 0)
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Computing Strategy

n D and C are very large, eg. d > 20; 000; p + b > 100; 000
n Form D directly row-wise, each element speci�ed according

to status from the above process
n D is stored in a linklist sparse form
n Strategy �ts within AI framework, called in �nal iteration o r

from previous analysis



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #29

The Coffee shop idea for predict

n Step 1: Form

M =

2

6
4

y 0R � 1y 0 y 0R � 1W
0 0 D

W 0R � 1y D 0 C

3

7
5

where C = W 0R � 1W + G � , and G � = diag
�
0; G � 1�

n Step 2: Absorption of C gives

M � =

"
y 0P y � ~� 0

� ~� � DC � 1D 0

#
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Prediction for models not full rank

n Solution to MMEs for � is not unique.
n We obtain a solution to

X 0H � 1X �̂ = X 0H � 1y :

as
�̂ 0 = ( X 0H � 1X ) � X 0H � 1y

but note
E (�̂ 0) = ( X 0H � 1X ) � X 0H � 1X�

n There exists an orthogonal permutation matrix L such that

L 0X 0H � 1XL =

"
A 11 A 12

A 0
12 A 22

#

;

where A 22 is a square matrix of full rank, equal to the rank of
X 0H � 1X .
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Models not of full rank

n De�ne

X � = [ X �
1 X �

2] = XL ;

� � =

"
� �

1

� �
2

#

= L 0�

and note
X � � � = X� :

n Using

(X 0H � 1X ) � = L

"
0 0
0 A � 1

22

#

L 0

gives

�̂ 0 = L

"
0
�̂ �

2

#

; �̂ �
2 = A � 1

22 X � 0

2 H � 1y :
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Estimability

n The prediction D� = D � � + D u u is estimable if D � � is
estimable.

n Let
D �

� =
�
D �

� 1
D �

� 2

�
= D � L

so that D � � = D �
� � � .

n Then it can be shown that D � � is estimable if

D �
� 1

� D �
� 2

A � 1
22 A 0

12 = 0:



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #32

Estimability

n The prediction D� = D � � + D u u is estimable if D � � is
estimable.

n Let
D �

� =
�
D �

� 1
D �

� 2

�
= D � L

so that D � � = D �
� � � .

n Then it can be shown that D � � is estimable if

D �
� 1

� D �
� 2

A � 1
22 A 0

12 = 0:



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #32

Estimability

n The prediction D� = D � � + D u u is estimable if D � � is
estimable.

n Let
D �

� =
�
D �

� 1
D �

� 2

�
= D � L

so that D � � = D �
� � � .

n Then it can be shown that D � � is estimable if

D �
� 1

� D �
� 2

A � 1
22 A 0

12 = 0:



l title1

l Synopsis of talk

l Thanks:

l AI Algorithm - circa

1993-1995
l AI-REML to ASREML

l Details of AI algorithm

l Details of AI algorithm

l R -structures

l G -structures

l Estimation - REML

l REML estimation: Iterative

schemes
l AI matrix

l Computation of AI matrix

l Hard at work on AI

l METs for crop cultivar

evaluation
l Multiplicative mixed models

for MET data
l Motivation for our V� E

model
l FA model for V� E

l Dense FA formulation

l XFA Formulation: 1999-2003

l XFA form

l Ef�ciency of XFA

l XFA transcripts

l XFA transcripts

l Ef�ciency of XFA

l Prediction in LMMs: 2001-03

l Prediction Model

l Computing Strategy

l The Coffee shop idea for

predict

l Prediction for models not full

rank
l Models not of full rank

Estimability

Colonial Collaborations, StatGen 2006 - slide #33

Determining estimability in predict

This one was thought of in the car to the Wagga Wagga airport
Augmented mixed model matrix Q, after reordering and
absorption of the random effects, is given by

2

6
6
6
4

y 0H � 1y 0 y 0H � 1X �
1 y 0H � 1X �

2

0 0 D �
� 1

D �
� 2

X � 0

1 H � 1y D � 0

� 1
A 11 A 12

X � 0

2 H � 1y D � 0

� 2
A 0

12 A 22

3

7
7
7
5

:

Absorption of the last row pertaining to the � �
2 leaves the

symmetric matrix, given by
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Final Absorption

2

6
4

y 0P y � �̂ � 0
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The Retirement Plans

n Sell shares in Blackburn Rovers
n Competition models
n Imputation and other schemes for large problems
n Model selection for QTLs
n Iterative schemes
n Kenward and Roger adjustments
n XFA � A, XFA � XFA, . . .
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